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Abstract
Some quotient algebras arising from the quantum toroidal algebra Uq (sln+1(C ))
(n  2) are considered. They are related to integrable highest weight representations
of the algebra and are shown to be isomorphic to tensor products of two algebras of
symmetric Laurent polynomials and Macdonald’s difference operators.
1. Introduction
The quantum toroidal algebras were introduced in [1] and [2] as q deformations
of the universal enveloping algebras of toroidal Lie algebras [3]. Since then, the alge-
bras and representations of them have been studied in [2], [4]–[11]. In [12], we stud-
ied some quotient algebras arising from the quantum toroidal algebra of type sl2 and
found a connection with Macdonald’s difference operators [13]. In this paper we ex-
tend this result to the case of the quantum toroidal algebra of type sln+1 (n  2).
Let C

be the algebra over C( ) of Laurent polynomials in noncommutative vari-
ables x; y satisfying xy =  2 yx . The C( ) Lie algebra L = sln+1(C ) is defined to be
the derived subalgebra of gln+1(C ). Lie algebras of this kind and central extensions of
them were considered in the study of extended affine Lie algebras in [14] and repre-
sentations of these algebras were investigated in [15]–[21]. The quantum toroidal alge-
bra which we study is a q deformation of the universal enveloping algebra of this Lie
algebra L. We shall briefly explain what quotient algebras we consider.
As was shown in [14],
L =
(
u 2 gln+1(C )





tr(u) 2
M
(k;l)6= (0;0)
C( )xk yl
)
:
Therefore if we let N + (resp. N ) be the subalgebra of strictly upper (resp. strictly
lower) triangular matrices and H the subalgebra of diagonal matrices, then L = N  
H  N +. Let Qn be the root lattice of sln+1 and the Ei j matrix units. Since hi :=
Ei i   Ei+1;i+1 2 H for 1  i  n, L and U (L) are Qn graded as in the case of the Lie
algebra sln+1. We denote the homogeneous subspace of degree  of U (L) by U (L) .
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Set
I =
X
m1;:::;mn2Z
m j>0 for some j
U (L)
 
Pn
j=1 m j j U (L)Pnj=1 m j j
and B = U (L)0=I . Then I =
P
>0 U (N ) U (H)U (N +) and B ' U (H) as algebras.
Let V be an L module generated by a nonzero vector v such that N +v = 0 and hiv =
Niv for some Ni 2 C( ) (1  i  n). Then V admits a weight space decomposition
V =
L
0 V  where  =
P
1in Ni!i with the !i being the fundamental weights of
sln+1. Suppose further that the elements Ei j xk yl (i 6= j) act locally nilpotently on V .
Then the Ni are nonngegative integers and V mi = 0 (m > Ni ) for 1  i  n. Let
IN1;:::;Nn be the ideal of U (L)0 generated by I , hi   Ni and
P
m>Ni U (L)mi U (L) mi
(1  i  n) and set BN1;:::;Nn = U (L)0=IN1;:::;Nn . Then V becomes a BN1;:::;Nn module
since U (L)0 preserves V and IN1;:::;Nn annihilates it.
The quotient algebras which we consider in this paper are q analogues of B and
the BN1;:::;Nn . Our main results are that BN1;:::;Nn = 0 unless N2 =    = Nn 1 = 0
and that BN1;0;:::;0;Nn is isomorphic to the tensor product of two algebras of symmet-
ric Laurent polynomials and Macdonald’s difference operators. We hope that this result
will help us to study integrable highest weight representations of Uq (L).
This paper is organized as follows. After summarizing some notations which we
use in this papaer in Section 2, the definitions of the quantum toroidal algebra and
their automorphisms are given in Section 3. In Section 4 some results [12] on quotient
algebras from Uq (sl2(C )) are reviewed. In Section 5 we study quotient algebra arising
from Uq (sln+1(C )) with n  2. In Sections 6, 7 and 8, the proofs of some technical
details are given.
2. Notations
In this section we summarize several notations which we use in this paper.
2.1. Miscellaneous notations. Let q and  be formal vairables and set F =
C(q;  ). For an integer m and a nonnegative integer l, we set [m] = (qm   q m)=(q  
q 1) and [l]! = [1][2]    [l]. For a positive integer m we let  a(m)i j

0i; jm denote the
Cartan matrix of type A(1)m .
For r 2 F and elements a1; : : : ; am of any F algebra, we define [a1; : : : ; am]r
inductively by [a1; a2]r = a1a2   ra2a1 and
[a1; : : : ; al ]r = [[a1; : : : ; al 1]r ; al ]r (3  l  m):
Note that this satisfies [a1; : : : ; am]r = [a1; [a2; : : : ; am]r ]r if [ai ; a j ] = 0 for ji  j j > 1.
For an algebra A and a family of elements (a j ) j2J of A we let ha j j j 2 J i
denote the ideal of A generated by the elements a j ( j 2 J ). For any a 2 A we
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shall denote the image of a in a quotient algebra of A simply by a unless otherwise
mentioned.
2.2. The algebra Cp;N . For a nonnegative integer N and p = (p1; : : : ; pN ) 2
(F)N , define the F algebra Cp;N to be the vector space F(y1;:::;yN )
F

x11 ;:::;x
1
N

with multiplication rule
 
f 

Y
i
x
li
i
! 
g 

Y
i
x
mi
i
!
= f g0 

Y
i
x
li +mi
i
where g0(y1; : : : ; ym) = g
 
pl11 y1; : : : ; p
lN
N yN

. In the case N = 0, Cp;N should be under-
stood as F . For simplicity we shall write f Qi x lii for f 

Q
i x
li
i 2 Cp;N .
For p = (
N
z }| {
p; : : : ; p) we shall write C p;N for Cp;N . Define elements er and Dr (r 2
Z) of C p;N by e0 = D0 = 1, er = Dr = 0 for jr j > N and
er =
X
If1;2;:::;N g
jI j=r
Y
i2I
yi ; Dr =
X
If1;2;:::;N g
jI j=r
Y
i2Ij =2I
qyi   q 1 y j
yi   y j
Y
i2I
xi ;
e
 r = eN r (eN ) 1; D r = DN r (DN ) 1
for 0 < r  N . We denote the subalgebra of C p;N generated by the elements er and
Dr (r 2 Z) by eC p;N .
2.3. The vector space Vp;N;m. For a nonnegative integer N , p = (p1; : : : ; pN ) 2
(F)N and a positive integer m, set Vp;N ;m = Cp;N 
 (Fm)
N . We shall write f g for
f 
g 2 Cp;N
End((Fm)
N ) and regard this as an element of End(Vp;N ;m) by letting f
act on Cp;N by left multiplication. For p = (p; : : : ; p) we shall denote Vp;N ;m simply
by Vp;N ;m .
We denote the canonical basis of Fm by v1; : : : ; vm . We set E (k)i j = 1
k 1 
 Ei j 

1N k 2 End
 (Fm)
N  for 1  k  N .
3. Definition of algebras and automorphisms
3.1. The quantum toroidal algebra Uq
 
ŝln+1(C )

.
3.1.1. The algebra Uq
 
ŝln+1(C )

. For a positive integer n we shall define the
quantum toroidal algebra of type sln+1 as follows.
In the case n  2, for any  2 F we define the F algebra Uq
 
ŝln+1(C )
 [1], [2]
by generators
xi;m; hi;r ; k
1
i ;C
1 (0  i  n; m 2 Z; r 2 Z n f0g)
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and relations
C1 central; k1i k
1
i = C
1C1 = 1;(3.1)
[ki ; k j ] = [ki ; h j;r ] = 0;(3.2)
ki xj;mk
 1
i = q
a
(n)
i j xj;m;(3.3)

x+i;m; x
 
j;l

=
Æi j
q   q 1
 
C l8(+)i;m+l   C
 m
8
( )
i;m+l

;(3.4)

xi;m+1; x

i;l

q2 +

xi;l+1; x

i;m

q2 = 0;(3.5)

r
i j [hi;r ; h j;s] = Ær+s;0

ra
(n)
i j

r
Cr   C r
q   q 1
;(3.6)

r
i j

hi;r ; xj;m

= 

ra
(n)
i j

r
C (rjr j)=2xj;r+m;(3.7)
If a(n)i j = 0;

xi;k; x

j;l

= 0;(3.8)
If a(n)i j =  1,
i j

xi;l+1; x

j;m

q1 +

xj;m+1; x

i;l

q1 = 0;(3.9)
xi;m1 x

i;m2 x

j;l   [2]xi;m1 x

j;l x

i;m2 + x

j;l x

i;m1 x

i;m2 + (m1 $ m2) = 0(3.10)
where i j = 1 for (i; j) 6= (n; 0); (0; n), n0 =  10n =  2=qn+1, 8()i;r = 0 (r < 0) and
8
()
i;r (r  0) is expressed in terms of k1i and the hi;s by
X
r0
8
()
i;r z
r
= k1i exp
 

 
q   q 1

X
r>0
hi;r zr
!
:
In the case n = 1, for any  2 F the F algebra Uq
 
ŝl2(C )

is defined [6], [12]
by generators
xi;m; hi;r ; k
1
i ;C
1 (i = 0; 1; m 2 Z; r 2 Z n f0g)
and relations (3.1)–(3.5) and
[hi;r ; hi;s] = Ær+s;0
[2r ]
r
Cr   C r
q   q 1
;(3.11)
[hi;r ; h1 i;s] =  Ær+s;0
[r ]( r +  r )
r
Cr   C r
q   q 1
;(3.12)

hi;r ; xi;m

= 
[2r ]
r
C (rjr j)=2xi;r+m;(3.13)

hi;r ; x1 i;m

= 
[r ]( r +  r )
r
C (rjr j)=2x1 i;r+m;(3.14)
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Symm1;m2;m3
h
xi;m1 ;
h
xi;m2 ;

xi;m3; x

1 i;n

q 2
ii
q2
= 0(3.15)
where Symm1;m2;m3 means symmetrization in m1, m2 and m3.
Hereafter for n  1 and  2 F we shall denote Uq
 
ŝln+1(C )

by bU(n;  ). For
n  1 let Qn = Z1      Zn and set 0 =  (1 +    + n) 2 Qn . We give bU(n;  )
a structure of Qn  Z Z graded algebras by assigning
(i ;Æi;0;m) to xi;m; (0; 0; r ) to hi;r and (0; 0; 0) to k1i and C1
and denote the homogeneous subspace of degree (; l;m) by bU(n;  )(;l;m). For  2
Qn set bU(n;  ) =
P
l;m2Z
bU(n;  )(;l;m). By declaring bU(n;  ) to be the homogenous
subspace of degree , bU(n;  ) is endowed with a structure of Qn graded algebras.
3.1.2. Some automorphisms of Uq
 
ŝln+1(C )

. For a positive integer n and 0 
j  n let X j be the automorphism of bU(n;  ) determined by
X j : xi;m 7! ( 1) jÆi; j xi;mÆi; j ; hi;r 7! hi;r ; ki 7! C Æi; j ki ; C 7! C
and set Y j = X jX 1j 1 (1  j  n).
In the case n  2, setting  =  2=qn+1, we further define an automorphism  of
bU(n;  ) by
 : xi;m 7!
 ( 1)n+1Æi;0 xi;m; hi;r 7! hi;r ; ki 7! ki ; C 7! C
and set Xn+1 = X0 and Yn+1 = Xn+1X 1n . In this case, we also need the automorphisms
S and &a (a 2 F) of bU(n;  ) determined by
S : xi;m 7! ( 1)m mÆi;n xi+1;m; hi;r 7! ( 1)
r

 rÆi;n hi+1;r ; ki 7! ki+1; C 7! C;
&a : x

i;m 7! a
m xi;m; hi;r 7! a
r hi;r ; ki 7! ki ; C 7! C:
Here i denotes the integer between 0 and n which is equal to i mod n + 1.
In the case n = 1, we set Y = Y1 and define automorphisms S and a;b0;b1 (a; b0;
b1 2 F) of bU(1;  ) by
S : xi;m 7! ( 1)m x1 i;m; hi;r 7! ( 1)r h1 i;r ; ki 7! k1 i ; C 7! C;
a;b0;b1 : x

i;m 7! a
mb1i x

i;m; hi;r 7! a
r hi;r ; ki 7! ki ; C 7! C:
3.2. The quantum affine algebra Uq
 
dsln+1

. To study quotient algebras arising
from the quantum toroidal algebra, we need other automorphisms of bU(n;  ) in addi-
tion to those defined in the previous subsection. To define them we need the quantum
affine algebras Uq
 
dsln+1

with n  1 and their (anti)automorphisms.
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3.2.1. The algebra Uq
 
dsln+1

. For a positive integer n, Uq
 
dsln+1
 [22] is de-
fined to be the F algebra generated by xi;m , hi;r , k
1
i and C1 (1  i  n, m 2 Z,
r 2 Z n f0g) with relations (3.1)–(3.10) where the subscripts i; j are between 1 and n.
This algebra is endowed with a structure of Qn graded algebras by assigning
i to xi;m and 0 to hi;r ; k
1
i and C
1
:
We denote the homogeneous subspace of degree  by Uq
 
dsln+1


.
As was proved in [23], this algebra admits the presentation [24], [25] in terms of
generators ei , fi and t1i (0  i  n) and relations
t1i t
1
i = 1; ti t j = t j ti ;(3.16)
ti e j t 1i = q
a
(n)
i j e j ;(3.17)
ti f j t 1i = q a
(n)
i j f j ;(3.18)

ei ; f j

=
Æi j
q   q 1
 
ti   t
 1
i

;(3.19)
1 a(n)i j
X
s=0
( 1)se(s)i e j e

1 a(n)i j  s

i = 0 (i 6= j);(3.20)
1 a(n)i j
X
s=0
( 1)s f (s)i f j f

1 a(n)i j  s

i = 0 (i 6= j)(3.21)
where x (l) = x l=[l]! for x = ei ; fi . We choose the following correspondence of the
generators [23]:
ei = x
+
i;0; fi = x i;0; ti = ki (1  i  n); t0    tn = C;(3.22)
e0 = C(k1    kn) 1

x 1;1; x
 
2;0; : : : ; x
 
n;0

q ;(3.23)
f0 =

x+n;0; : : : ; x
+
2;0; x
+
1; 1

q 1 k1    knC
 1
:(3.24)
Here the last two equalities should be understood as e0 = Ck 11 x
 
1;1 and f0 = x+1; 1k1C 1
in the case n = 1. Note that
(3.25) x+1; 1 = [ f2; : : : ; fn; f0]q t 11 C; x 1;1 = C 1t1[e0; en; : : : ; e2]q 1
under this correspondence. Note also that ei 2 Uq
 
dsln+1

i
and fi 2 Uq
 
dsln+1

 i
for
0  i  n with 0 =  (1 +    + n).
3.2.2. Some (anti)automorphisms of Uq
 
dsln+1

. For 0  i  n let Ti [26] be
the automorphism of Uq
 
dsln+1

determined by
Ti (ei ) =   fi ti ; Ti ( fi ) =  t 1i ei ; Ti (t j ) = t j t
 a
(n)
i j
i ;
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Ti (e j ) =
 a
(n)
i j
X
s=0
( 1)sq se

 a
(n)
i j  s

i e j e
(s)
i if i 6= j;
Ti ( f j ) =
 a
(n)
i j
X
s=0
( 1)sqs f (s)i f j f

 a
(n)
i j  s

i if i 6= j:
Let further  and  be the antiautomorphisms of Uq
 
dsln+1

determined by
 : ei 7! ei ; fi 7! fi ; ti 7! t 1i ;
 : xi;m 7! x

i; m; hi;r 7!  C
r hi; r ; ki 7! k 1i ; C 7! C:
3.3. The automorphisms  and Ti of Uq
 
ŝln+1(C )

. Let %h and %v be the
homomorphisms from Uq
 
dsln+1

to bU(n;  ) determined by
%h : ei 7! x
+
i;0; fi 7! x i;0; ti 7! ki (0  i  n)
and
%
v
: xi;m 7! x

i;m; hi;r 7! hi;r ; ki 7! ki (1  i  n); C 7! C;
respectively. Note that these are homomorphisms of Qn graded algebras.
Now we can define automorphisms  and Ti (0  i  n) of bU(n;  ).
Proposition 1. (1) For n  1 there exists an automorphism  of bU(n;  ) deter-
mined by
 Æ %
v
= %h;  Æ %h = %v Æ  Æ  :
(2)  maps as follows:
xi;0 7! x

i;0; ki 7! ki (1  i  n);
x+1; 1 7!

x 2;0; : : : ; x
 
n;0; x
 
0;0

qk
 1
1 (k0    kn);
x 1;1 7! (k0    kn) 1k1

x+0;0; x
+
n;0; : : : ; x
+
2;0

q 1 ;
x+0;0 7!

x n;0; : : : ; x
 
2;0; x
 
1; 1

qk
 1
0 (k0    kn)C;
x 0;0 7! C
 1(k0    kn) 1k0

x+1;1; x
+
2;0; : : : ; x
+
n;0

q 1 ;
k0    kn 7! C 1; C 7! k0    kn:
(3)  satisfies   bU(n;  )(;l;m)


bU(n;  )(;m; l) for (; l;m) 2 Qn  Z  Z. In par-
ticular  presereves each bU(n;  )

.
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Proof. Part (1) was proved in [8] and [10]. Part (2) follows from (1) and
(3.22)–(3.25). Since bU(n;  ) is generated by the elements xi;0, x1;1, k1i and C1
(0  i  n), part (2) proves (3).
The following two propositions were proved in [8] and [10].
Proposition 2. For n  1 there exist automorphisms Ti (0  i  n) of bU(n;  )
determined by
Ti Æ %v = %v Æ Ti (1  i  n); T j Æ %h = %h Æ T j ; S Æ T j = T j+1 Æ S (0  j  n):
Proposition 3. Let n  2. Set eY j = T  1j 1    T
 1
1 STn    T j for 1  j  n + 1 and
eS = T  11    T
 1
n Y
 1
n+1. Then the automorphisms Y j , S, Ti and  of bU(n;  ) satisfy the
following equalities:
(1)  Æ Y j = eY j Æ  (1  j  n + 1).
(2)  Æ S = eS Æ  .
(3)  Æ Ti = Ti Æ  (1  i  n).
4. Quotient algebras from Uq(sl2(C ))
In this section we shall summarize several results [12] on bU(1;  ) and quotient al-
gebras from it. These results play an essential role in the study of quotient algebras
arising from bU(n;  ) (n  2) in the next section.
In this section, fixing  2 F, we denote bU(1;  ) by bU and set U = bU=hC  
1; k1k0   1i. U inherits a structure of Q1 graded algebras from bU . We let U signify
the homogeneous subspace of degree . The automorphisms of bU in Sections 3.1.2
and 3.3 induce automorphisms of U , which we denote by the same letters. Hereafter,
in particular, we let 8 signify the isomorphism  of U .
4.1. Notations. First we prepare some notations. Letting "1 = 1 and "2 =
 1, set
a
;r =

"

r h1;r + q r h0;r

"

r
  
 "

r
and a
;r = 8(a;r )
for r 2 Z n f0g and  = 1; 2, so that
a1;r + a2;r = h1;r and  r a1;r +  r a2;r =  q r h0;r :
Define 3
;r 2 U0 ( = 1; 2, r 2 Z) by the generating series
X
r0
3
;r z
r
= exp
 
 
X
r>0
a
;r
[r ] z
r
!
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and set L
;r = 8(3;r ).
For a pair of nonnegative integers r = (r; s) we set
Pr = 31;r31; r32;s32; s and Pr = 8(Pr):
For a nonnegative integer N let Z N be the set of pairs of nonnegative integers r =
(r1; r2) such that r1 + r2 = N .
4.2. The quotient algebras A, AN and Ar.
4.2.1. Set I =
P
m>0 U m1Um1 . Then I is an ideal of U0. Set A = U0=I . Since
the automorphisms Y and 8 of U preserve U

for any  2 Qn , they induce auto-
morphisms of A, which we denote by the same symbols. For  = 1; 2 let A be the
subalgebra of A generated by the elements a
;r and a;r (r 2 Z n f0g).
Proposition 4. In A the following hold.
(1) Y(a
;r ) = a;r , Y(a;r ) = ( q " )r a;r .
(2) 8(a
;r ) = q 2r a; r .
Proposition 5. (1) The algebra A is generated by the elements a
;1, a; 1, a;1
and a
; 1.
(2) The algebra A is generated by A1, A2, k1 and k 11 .
4.2.2. For a nonnegative integer N let IN be the ideal of U0 generated by I ,
P
m>N Um1U m1 and k1   q N , and set AN = U0=IN . Note that AN can be regarded
as a qutotient algebra of A.
Lemma 1. The following hold in AN .
(1) (i) Pr 2 Z (AN ) (r 2 Z N ).
(ii) Pr2Z N Pr = 1.
(iii) Pr Ps = Ær;s Pr (r; s 2 Z N ).
(2) The Pr satisfy the above containment and equalities with the Pr replaced by
the Pr .
4.2.3. Let r; r0 2 Z N for some nonnegative integer N and set
Ar;r0 = AN=h1  Pr; 1  Pr0i and Ar = Ar;r:
Lemma 2. Ar;r0 = 0 if r 6= r0.
Proposition 6. The following hold in Ar with r = (r1; r2).
(1) 3
;l = 0, L;l = 0 (l > r ,  = 1; 2).
(2) 3
;r

3
; l = 3;r

 l , L;r

L
; l = L;r

 l (0  l  r ,  = 1; 2).
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Proposition 7. (1) For r = (N ; 0) there exists an isomorphism eCq2 2;N ! Ar
determined by el 7! 31;l and Dl 7! L1;l .
(2) For r = (0; N ) there exists an isomorphism eCq2 2;N ! Ar determined by el 7!
32;l and Dl 7! L2;l .
4.3. Representations of U .
Proposition 8. Set p1=2

= q " for  = 1; 2. Let H (l)1 = E (l)11   E (l)22 and
H (l)0 =  H
(l)
1 .
(1) For  = 1; 2 and a nonnegative integer N there exists a homomorphism

;;N : U ! End Vp

;N ;2 determined by
x+1;m 7!
N
X
i=1
Y
i< j
q H
( j)
1 yi   q H
( j)
1 y j
yi   y j
ymi E
(i )
12 ;
x 1;m 7!
N
X
i=1
Y
j<i
q H
( j)
1 yi   q H
( j)
1 y j
yi   y j
ymi E
(i )
21 ;
x+0;m 7!
N
X
i=1
Y
i< j
q H
( j)
0 p1=2

yi  
 
qp 1=2


 H ( j)0 y j
p1=2

yi   p
H ( j)0 =2

y j
pm=2

ymi xi E
(i )
21 ;
x 0;m 7!
N
X
i=1
Y
j<i
q H
( j)
0 p 1=2

yi  
 
qp 1=2


 H ( j)0 y j
p 1=2

yi   p
H ( j)0 =2

y j
p m=2

ymi x
 1
i E
(i )
12 ;
h1;r 7!
[r ]
r
N
X
i=1
yri
 
q r E (i )11   q
r E (i )22

;
h0;r 7!
[r ]
r
N
X
i=1
yri
 
q r pr=2

E (i )22   q
r p r=2

E (i )11

;
k1 7! q
PN
i=1 H
(i)
1
:
(2) For  = 1; 2 and a nonnegative integer N , there exists an automorphism G p

;N
of the vector space C p

;N such that  0
;;N : U ! End Vp ;N ;2 (u 7! (G p;N 
 1) 1 Æ

;;N (u) Æ (G p

;N 
 1)) satisfies

0
;;N (3;l )
  f 
 v
N1

= el f 
 v
N1 ;  0;;N (L;l )
  f 
 v
N1

= Dl f 
 v
N1 ;

0
;;N (33 ;l )
  f 
 v
N1

= f 
 v
N1 ;  0;;N (L3 ;l )
  f 
 v
N1

= f 
 v
N1
for any f 2 C p

;N .
Proof. Part (1) is a special case of [12, Proposition 4.5]. For a; b 2 F let ma;b
signify the algebra automorphism of C p

;N determined by xi 7! axi and yi 7! byi .
QUOTIENT ALGEBRAS FROM Uq (sln+1(C )) (n  2) 905
Part (2) follows from the results in the proof of [12, Proposition 4.6] and the use of
the automorphism ma;b.
5. Quotient algebras from Uq(sln+1(C )) (n  2)
Now we can start to consider Uq (sln+1(C )), the quantum toroidal algebra of type
sln+1 with  =  , for n  2 and study quotient algebras arising from it. Hereafter we
fix n  2 and set bU = bU(n;  ) and U = bU=hC   1; k0k1    kn   1i. We further set
9 =  Æ&( q)n 1 . The algebra U inherits a structure of Qn graded algebras from bU . We
let U

signify the homogeneous subspace of degree . We denote the algebras U , A,
AN and Ar in Section 4 by U ( ), A( ), AN ( ) and Ar( ), respectively, to specify the
dependence on the parameter  .
5.1. The homomorphism 'i . In order to study quotient algebras arising from
U , the homomorphisms in the following proposition are useful since we already have
some results on the quotient algebras arising from U , which we have reviewed in Sec-
tion 4.
For 1  i  n set U[i] = Pm2Z Umi and
I[i] =
X
m1;:::;mn ;m
0
i2Z
m j>0 for some j2f1;:::;ngnfig
Um 0ii 
P
1 j 6= in m j jUmii +
P
1 j 6= in m j j :
Then U[i] is a subalgebra of U and I[i] is an ideal of U[i]. Since X j and 9 are auto-
morphisms of the Qn graded algebra U , they preserve both U[i] and I[i]. Therefore
they induce automorphisms of the quotient algebra U[i]=I[i], which we denote by the
same letters.
Proposition 9. (1) For 1  i  n there exists a homomorphism 'i : U ( =q i ) !
U[i]=I[i] determined by
x1;l 7! x

i;l ; h1;r 7! hi;r ; k1 7! ki ;
x+0;l 7! ( 1)i 1(q= )l
 
x+i+1;0    x
+
n;0
 
x+i 1;0    x
+
1;0

x+0;l ;
x 0;l 7! ( 1)i 1(q= )l x 0;l
 
x 1;0    x
 
i 1;0
 
x n;0    x
 
i+1;0

;
h0;r 7! (q= )r
 i 1
X
l=0
q lr hl;r +  2r
n
X
l=i+1
q lr hl;r
!
:
(2) The homomorphism 'i satisfies the following equalities:
(i) 9 Æ 'i = 'i Æ8.
(ii) X j Æ 'i =
8
>
>
<
>
>
:
'i Æ X0 Æ 1;( 1) j q1+ j 1;1 if 0  j < i;
'i Æ X1 Æ 1;1;( 1)i 1 if j = i;
'i Æ X0 Æ 1;( 1) j q1  j ;1 if i < j  n + 1:
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The proof of this proposition will be given in Section 8.
5.2. The quotitent algebra B. Now let us consider the quotient algebra B =
U0=I where
I =
X
m1;:::;mn2Z
m j>0 for some j
U
 
Pn
j=1 m j jU
Pn
j=1 m j j :
The automorphisms X j and 9 of U induce automorphisms of B as before, which we
denote by the same symbols.
Since U0 \ I[i]  I, there exists a homomorphism i : (U[i]=I[i])0 = U0=U0 \
I[i] ! U0=I = B (u 7! u). It is easy to see that for 1  i  n the composite map
i Æ 'i jU ( =q i )0 induces a homomorphism A( =q i ) ! B, which we denote by e'i .
Define bl;r 2 U0 (1  l  n + 1, r 2 Z n f0g) by
(5.1) bl;r = h0;r + qr h1;r +    + q (l 1)r hl 1;r +  2r
 
q lr hl;r +    + q nr hn;r

and set bl;r = 9(bl;r ). Note that bl;r   bl+1;r =
 

2r q lr   q lr

hl;r . Since the elements
bl;r commute with each other in U , so do the bl;r .
Proposition 10. (1) The homomorphism e'i : A( =q i ) ! B is determined by
k1 7! ki and
a
;r 7! "bi+ 1;r
Æ 

2r q ir   q ir

; a
;r 7! "bi+ 1;r
Æ 

2r q ir   q ir

:
(2) The homomorphism e'i and the automorphisms of A( =q i ) and B satisfy the equali-
ties in part (2) of Proposition 9 with 'i replaced by e'i .
Proof. By Proposition 5 the homomorphism e'i is determined by specifying the
images of k1, the a;r and the a;r . The expressions for the e'i (a;r ) follow from
part (2)-(i) of Proposition 9.
Combining the above proposition with Propositions 4 and 5, we obtain the follow-
ing two propositions, which will be proven in the next subsection.
Proposition 11. In B the following hold for 1  i; l  n + 1 and r 2 Z n f0g.
(1) 9(bl;r ) = bl;r , 9(bl;r ) =  ( =q)2r bl; r .
(2) Yi (bl;r ) = bl;r ,
Yi (bl;r ) = ( 1)r
8
>
>
<
>
>
:
q r bl;r if 1  l  i   1;
 
q1 2i 2
r bi;r if l = i;
qr bl;r if i + 1  l  n + 1:
QUOTIENT ALGEBRAS FROM Uq (sln+1(C )) (n  2) 907
(3) eYi (bl;r ) = bl;r ,
eYi (bl;r ) = ( 1)r
8
>
>
<
>
>
:
qr bl;r if 1  l  i   1;
 
q1 2i 2

 r bi;r if l = i;
q r bl;r if i + 1  l  n + 1:
For 1  l  n + 1 let Bl be the subalgebra of B generated by the elements bl;r
and bl;r (r 2 Z n f0g).
Proposition 12. (1) Bl is generated by the elements bl;1, bl; 1, bl;1 and bl; 1.
(2) [Bl ;Bm] = 0 if 1  l 6= m  n + 1.
(3) B is generated by Bl , ki and k 1i (1  l  n + 1, 1  i  n).
5.3. Proof of Propositions 11 and 12. First we prepare the following lemma.
Lemma 3. (1) a;b0;b1 (a;r ) = (b0b1)r a;r .
(2) &a(bl;r ) = bl;r .
Proof. The element a
;r is in U(1;  )(0;0;r ) and a;b0;b1 (u) = al (b0b1)r bm1 u for u 2
U(1;  )(m1;r;l). Therefore part (3) of Proposition 1 proves (1). The proof of (2) is
similar.
Proof of Proposition 11. (1) Fixing i 2 f1; 2; : : : ; ng and  2 f1; 2g, set c =
"

=(( =q i )r   ( =q i ) r ). Then by Propositions 10 and 4
c r9(bi+ 1;r ) =
 
9 Æe'i
(a
;r )
=
 
e'i Æ8
(a
;r )
= q 2re'i (a; r )
=  q 2r c r bi+ 1; r :
This proves the second equality.
(2) The first equality follows from the definitions of Yi and bl;r . Part (2) of
Proposition 10 implies
Y j Æe'i =
8
>
>
>
>
<
>
>
>
>
:
e'i Æ 1; q;1 if 1  j < i;
e'i Æ Y Æ 1;( 1)i 1q i ;( 1)i 1 if j = i;
e'i Æ Y
 1
Æ 1;( 1)i 1q i ;( 1)i 1 if j = i + 1;
e'i Æ 1; q 1;1 if i + 1 < j  n + 1:
Apply the above equality to a1;r and a2;r . Then we obtain the second equality by
Proposition 10, Lemma 3 (1) and Proposition 4 (1).
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(3) By the definition of 9 and Lemma 3 (2),  (bl;r ) = ( q) (n 1)r bl;r and
 (bl;r ) = 9(bl;r ). So by applying  to the equalities in (2), we obtain the claim
thanks to Proposition 3 (1) and part (1).
To prove Proposition 12, we need the following lemma, which will be proven in
Section 7.
Lemma 4. For l 6= m and r; s = 1, [bl;r ;bm;s] = 0 in B.
Proof of Proposition 12. Part (1) follows from Propositions 5 and 10 since
(5.2) Bi+ 1 =e'i
 
A
 

Æ
q i

for 1  i  n and  = 1; 2. Part (2) follows from part (1) and Lemma 4. Part (3) can
be proven by specialization argument as in [12]. We mainly use the argument in the
proof of part (2) of [12, Lemma 7.5] and do not need a counterpart of [12, Lemma 7.3].
5.4. The quotient algebra BN1;:::;Nn . For (N1; : : : ; Nn) 2 Zn
0 let IN1;:::;Nn be
the ideal of U0 generated by I,
P
m>Ni UmiU mi and ki   q
Ni (1  i  N ). Set
BN1;:::;Nn = U0=IN1;:::;Nn . This quotient algebra is the main object of our study. We can
and do regard this algebra as a quotient algebra of B.
5.4.1. Main result. Set p+ =  2 and p  = q2(n+1)= 2. For l = 1; n + 1 and r 2 Z
define 0l;r ;Gl;r 2 B by
(5.3) 01;r =e'1(31;r ); G1;r =e'1(L1;r ); 0n+1;r =e'n(32;r ); Gn+1;r =e'n(L2;r ):
Note that Gl;r = 9(0l;r ) by Proposition 10 (2).
Theorem 1. (1) BN1;:::;Nn = 0 unless N2 =    = Nn 1 = 0.
(2) BN1;0;:::;0;Nn is generated by 0l;r and Gl;r (l = 1; n + 1, r 2 Z) and the following
relations hold in this algebra for 2  j  n and l = 1; n + 1:
(i) b j;r = b j;r = 0 (r 2 Z n f0g).
(ii) 0l;r = 0, Gl;r = 0 (jr j > ml ).
(iii) 0l;ml0l; r = 0l;ml r , Gl;mlGl; r = Gl;ml r (0  r  ml ).
Here m1 = N1 and mn+1 = Nn .
(3) There exists an isomorphism fN1;Nn : eC p+;N1 
eC p ;Nn ! BN1;0;:::;0;Nn determined by
er 
 1 7! 01;r ; Dr 
 1 7! G1;r ; 1
 er 7! 0n+1;r ; 1
 Dr 7! Gn+1;r :
The proof of this theorem will be given in the next subsubsection and Section 6.
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5.4.2. Proof of Theorem 1 except for the injectivity of fN1;Nn . First we pre-
pare two lemmas. For 1  i  n and a pair of nonnegative integers r, set P (i )r =e'i (Pr)
and P(i )r =e'i (Pr).
Lemma 5. The following hold in BN1;:::;Nn for 1  i  n.
(1) (i) P (i )r 2 Z (BN1;:::;Nn ) (r 2 Z Ni ).
(ii) Pr2Z Ni P
(i )
r = 1.
(iii) P (i )r P (i )s = Ær;s P (i )r (r; s 2 Z Ni ).
(2) The P(i )r satisfy the above containment and equalities with the P (i )r replaced by
the P(i )r .
Proof. Let : B ! BN1;:::;Nn be the quotient map. Clearly the composite map
A( =q i ) e'i ! B  ! BN1;:::;Nn induces a homomorphism ANi ( =q i ) ! BN1;:::;Nn , which
we denote by i . This homomorphism i and Lemma 1 prove (1)-(ii), (1)-(iii) and
P (i )r 2 Z (Imi ). By Proposition 5 and (5.2), Imi is the subalgebra of BN1;:::;Nn gen-
erated by the images of Bi and Bi+1 in BN1;:::;Nn . Therefore part (1)-(i) follows from
Proposition 12. As for part (2), the claim follows from (1) since P(i )r = 9
 
P (i )r

by
Proposition 10 (2).
For (r1; : : : ; rn); (r01; : : : ; r0n) 2 Z N1      Z Nn set
Br1;:::;rn ;r01;:::;r0n = BN1;:::;Nn
Æ

1  P (i )ri ; 1  P
(i )
r0i

 1  i  n

and let Br1;:::;rn = Br1;:::;rn ;r1;:::;rn .
Lemma 6. For (r1; : : : ; rn); (r01; : : : ; r0n) 2 Z N1      Z Nn the following hold.
(1) Br1;:::rn ; r01;:::;r0n = 0 unless r0i = ri for any i .
(2) Br1;:::;rn = 0 unless N2 =    = Nn 1 = 0 and (r1; : : : ;rn) = ((N1;0);0; : : : ;0; (0;Nn)).
Proof. (1) Suppose that r0i 6= ri for some i . Let i : ANi ( =q i ) ! BN1;:::;Nn
be the map in the proof of the previous lemma and the quotient map BN1;:::;Nn !
Br1;:::;rn ; r01;:::;r0n . Clearly the map Æ i induces a homomorphism Ari ;r0i ( =q i ) !
Br1;:::;rn ; r01;:::;r0n (). Since Ari ;r0i ( =q i ) = 0 by Lemma 1, this implies that the identity
element of Br1;:::;rn ; r01;:::;r0n is 0.
(2) Set r j = (r j ; s j ) for 1  j  n. Let us denote the induced homomorphism ()
in the case r0j = r j for all j by i . Then
(5.4) i (a;r ) = ci;;r bi+ 1;r and i (a;r ) = ci;;r bi+ 1;r
with ci;;r = "=( 2r q ir   q ir ) by Proposition 10. Fixing i 2 f1; : : : ; n   1g, set Ar =
i (32;r ) and Br = i+1(31;r ) for r  0. Let A(z) =
P
r0 Ar zr and B(z) =
P
r0 Br zr .
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Then
A
 

2z
Æ
q i

A
 
q i z

 1
= exp
 
X
r>0
bi+1;r
[r ] z
r
!
= B
 
q i+1z

B
 

2z
Æ
q i+1

 1
:
Therefore
(5.5) A q i zB q i+1z = A  2zÆq i B  2zÆq i+1:
By Proposition 6
Ar = 0 (r > si ); Br = 0 (r > ri+1);
and Asi and Bri+1 are invertible in Br1;:::;rn . Hence the coefficient of zsi +ri+1 in (5.5)
gives the equality ( =q i )2si ( =q i+1)2ri+1 = 1. This implies that 1 = 0 in Br1;:::;rn unless
si = ri+1 = 0. Therefore Br1;:::;rn = 0 unless si = ri+1 = 0 for 1  i  n   1.
Now we can give the following proof.
Proof of Theorem 1 except the injectivity of fN1;Nn . By Lemma 5
1BN1 ;:::;Nn =
X
(r1;:::;rn );(r01;:::;r0n )2Z N1Z Nn
P (1)r1 P
(1)
r01
   P (n)rn P
(n)
r0n
is a decomposition of 1 into a sum of orthogonal central idempotents if we allow some
of the summands to be 0. This implies
Br1;:::;rn ; r01;:::;r0n ' P
(1)
r1
P(1)
r01
   P (n)rn P
(n)
r0n
BN1;:::;Nn
and
BN1;:::;Nn '
M
Br1;:::;rn ; r01;:::;r0n
where the sum is taken over (r1; : : : ; rn); (r01; : : : ; r0n) 2 Z N1      Z Nn . So Lemma 6
proves (1) and
(5.6) BN1;0;:::;0;Nn ' B(N1;0);0;:::;0;(0;Nn ):
Set A1 = A(N1;0)( =q), Ai = A0( =q i ) (2  i  n   1), An = A(0;Nn )( =qn)
and B = B(N1;0);0;:::;0;(0;Nn ). For 1  i  n let i : Ai ! B be the homomorphism in
the proof of Lemma 6. These homomorphisms satisfy (5.4) and i (3;r ) = 0i+ 1;r ,
i (L;r ) = Gi+ 1;r for (i; ) = (1; 1); (n; 2). Therefore (2)-(i) through (2)-(iii) follow
from (5.6) and Proposition 6. Part (2)-(i) and Proposition 12 (3) prove the fact that
BN1;0;:::;0;Nn is generated by 0l;r and Gl;r (l = 1; n + 1; r 2 Z).
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The algebas A1 and An are generated by the elements a1;r , a1;r (r 2 Z n f0g)
and the elements a2;r , a2;r (r 2 Z n f0g), respectively, by Proposition 7. This, (5.2)
and Proposition 12 (2) imply that [Im 1; Im n] = 0. Therefore the linear map A1 

An ! B (a
 b 7! 1(a)n(b)) is an algebra homomorphism. Now the existence of the
homomorphism fN1;Nn follows from Proposition 7 and (5.6). Part (2) proves that this
homomorphism is surjective.
6. Proof of the injectivity of fN1;Nn
In this section we fix nonnegative integers M and N and denote the algebra BN1;:::;Nn
and the ideal IN1;:::;Nn with (N1; : : : ; Nn) = (M; 0; : : : ; 0; N ) by BM;N and IM;N , re-
spectively.
6.1. Representation of U . Recalling that p+ =  2 and p  = q2(n+1)= 2, set
W = Vp;M+N ;n+1 with p = (p+; : : : ; p+
| {z }
M
; p
 
; : : : ; p
 
| {z }
N
). For 1  l  M + N define E (l)i ,
F
(l)
i , H
(l)
i 2 End W (0  i  n), l 2 f1; 1g and pl 2 F by
E
(l)
i = E
(l)
i;i+1; F
(l)
i = E
(l)
i+1;i ; H
(l)
i = E
(l)
i;i   E
(l)
i+1;i+1; l = 1; pl = p+
for 1  l  M and
E
(l)
i = E
(l)
i+1;i ; F
(l)
i = E
(l)
i;i+1; H
(l)
i = E
(l)
i+1;i+1   E
(l)
i ;i ; l =  1; pl = p 
for M < l  M + N .
Proposition 13. There exists a homomorphism  : U ! End W determined by
x+i;r 7!
M+N
X
l=1
Y
l<m
q H
(m)
i +l i yl   q H
(m)
i +m i ym
ql i yl   qm i ym
ql ir yrl E
(l)
i ;
x i;r 7!
M+N
X
l=1
Y
m<l
q H
(m)
i +l i yl   q H
(m)
i +m i ym
ql i yl   qm i ym
ql ir yrl F
(l)
i ;
hi;r 7!
[r ]
r
 M
X
l=1
q ir yrl
 
q r E (l)i;i   q
r E (l)i+1;i+1

+
M+N
X
l=M+1
q ir yrl
 
q r E (l)i+1;i+1   q
r E (l)i;i

!
;
ki 7! q
PM+N
l=1 H
(l)
i
;
x+0;r 7!
M+N
X
l=1
Y
l<m
q H
(m)
0 p(1+l )=2l yl   q
 H (m)0 p(H
(m)
0 +m )=2
m ym
p(1+l )=2l yl   p
(H (m)0 +m )=2
m ym
p(1+l )r=2l y
r
l xlE
(l)
0 ;
x 0;r 7!
M+N
X
l=1
Y
m<l
q H
(m)
0 p( 1+l )=2l yl   q
 H (m)0 p(H
(m)
0 +m )=2
m ym
p( 1+l )=2l yl   p
(H (m)0 +m )=2
m ym
p( 1+l )r=2l y
r
l x
 1
l F
(l)
0 ;
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h0;r 7!
[r ]
r
 M
X
l=1
yrl
 
q r prl E
(l)
n+1;n+1   q
r E (l)1;1

+
M+N
X
l=M+1
yrl
 
q r E (l)1;1   q
r p rl E
(l)
n+1;n+1

!
where 1  i  n.
Proof. Let S be the endomorphism of W determined by sending f (y1; : : : ; yM+N )
QM+N
l=1 x
ml
l 
 vi1 
    
 viM+N to
f (q1 y1; : : : ; qM+N yM+N )
M+N
Y
l=1
x
ml lÆil ;n+1
l 
 vi1+1 
    
 viM+N +1:
Let Xi;m , Hi;r and K j be the images of x

i;m , hi;r and k j under the assignment  in
the proposition. Then, for 0  i  n,
SXi;r S
 1
= 
 Æi;nr Xi+1;r ; SH

i;r S
 1
= 
 Æi;nr Hi+1;r ; SKi S
 1
= Ki+1
where  =  2=qn+1 and K0 = (K1    Kn) 1.
The claim can be proven by checking the relations by direct calculations except
for (3.10). The use of the above linear map S simplifies the calculations. The rela-
tions (3.10) follow from (3.7) and (3.10) with m1 = m2 = 0, i.e.,

xi;0;

xi;0; x

j;l

q 1

q =
0 (ai j =  1), which are proved as in the proof of [12, Proposition 4.5].
6.2. The homomorphism BN1;0;:::;0;Nn ! End(Cp+;N1 
 Cp ;Nn). For 1  l 
n + 1 set l = (0; : : : ; 0;
lth
1 ; 0; : : : ; 0) 2 Zn+1. We identify Qn with a subgroup of Zn+1
via the correspondence i $ i   i+1 (1  i  n). The vector space W is endowed
with a structure of Zn+1 graded vector spaces by defining the homogeneous subspace
of degree , W

, to be
W

=
X
PM
l=1 il 
PM+N
l=M+1 il =
Cp;M+N 
 vi1 
    
 viM+N
for any  2 Zn+1. This structure satisfies (U

)W

 W
+ for  2 Qn and  2 Zn+1.
Let  = M1   Nn+1. Then W = Cp;M+N 
 v
M1 
 v

N
n+1 . Set Q+n =
Ln
j=1 Z0 j
and let W [i] = Pm2Z W mi for 1  i  n.
Lemma 7. (1) W = P
2Q+n W  .(2) W [i] = W

if 1 < i < n and
W [1] =
M
X
m=0
W
 m1 =
X
i1;:::;iM =1;2
Cp;M+N 
 vi1 
    
 viM 
 v
Nn+1 ;
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W [n] =
N
X
m=0
W
 mn =
X
j1;:::; jN =n;n+1
Cp;M+N 
 v
M1 
 v j1 
    
 v jN :
(3) (IM;N )W = 0.
Proof. Parts (1) and (2) are immediate from the definitions and part (3) follows
from (1) and (2).
We shall identify C p+;M
C p ;N with a subspace of Cp;M+N via the correspondence
0
 f 

M
Y
j=1
x
l j
j
1
A


0
g 

N
Y
j=1
x
m j
j
1
A
7! f (y1; : : : ; yM )g(yM+1; : : : ; yM+N )

M
Y
j=1
x
l j
j
N
Y
j=1
x
m j
M+ j :
This enables us to identify Vp+;M;n+1
Vp ;N ;n+1 with a subspace of W since Vp+;M;n+1

Vp
 
;N ;n+1 ' (C p+;M 
 C p ;N )
 (Fn+1)
M+N .
Let 1 : Vp+;M;2 ! Vp+;M;n+1 and 2 : Vp ;N ;2 ! Vp ;N ;n+1 be the linear maps de-
termined by
1( f1 
 vi1 
    
 viM ) = f1 
 vi1 
    
 viM ;
2( f2 
 vi1 
    
 viN ) = f2 
 vn+2 i1 
    
 vn+2 iN
where f1 2 C p+;M , f2 2 C p ;N and the i j are in f1; 2g.
For 1  i  n (U[i]) clearly preserves W [i] and (I[i]) annihilates W [i] thanks
to Lemma 7 (1). Therefore  defines a homomorphism i : U[i]=I[i] ! End W [i]
(u 7! (u)jW [i ]). For the homomorphisms 1 and n the following lemma holds.
Lemma 8. Set 1 = 1; =q;M Æ q;1;1 and 2 = 2; =qn ;N Æ q n ;( 1)n 1;1. If we regard
Vp+;M;n+1 
 Vp ;N ;n+1 as a subspace of W , the following hold.
(1) For u 2 Vp+;M;2 and w 2 C p ;N 
 v
Nn+1 ( Vp ;N ;n+1),
(1 Æ '1)(x)(1(u)
 w) = 1(1(x)u)
 w (x 2 U ( =q)):
(2) For u 2 C p+;M 
 v
M1 ( Vp+;M;n+1) and w 2 Vp ;N ;2,
(n Æ 'n)(x)(u 
 2(w)) = u 
 2(2(x)w) (x 2 U ( =qn)):
Proof. It is sufficient to check the equalities for x = xi;l , hi;r and k
1
1 . Here we
show part (1) for x = x+0;l as an example.
Set vi1;:::;iM = vi1 
    
 viM 
 v
Nn+1 2 (Fn+1)
M+N . By Propositions 9 and 13, we
find that for f 2 Cp;M+N and i1; : : : ; iM 2 f1; 2g
(1 Æ '1)
 
x+0;l
( f 
 vi1;:::;iM )
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= (q= )l1
 
x+2;0    x
+
n;0x
+
0;l
( f 
 vi1;:::;iM )
= (q= )l
M
X
j=1
Æi j ;1 p
l
+ y
l
j
Y
j<mM

q 1 p+ y j   qym
p+ y j   ym

Æim ;1
Y
M<mM+N
q 1 p+ y j   qp 1
 
ym
p+ y j   p 1
 
ym
w j
where w j = 
 
x+2;0    x
+
n;0
(x j f 
 vi1;:::;i j 1;n+1;i j+1;:::;iM ). Since
w j =
Y
j<mM

qy j   q 1 ym
y j   ym

Æim ;2
Y
M<mM+N
qn+1 y j   q n 1 ym
qn y j   q n ym
x j f 
 vi1;:::;i j 1;2;i j+1;:::;iM ;
p+ =  2 and p+ p  = q2(n+1), we can see that the above expression is equal to
q l
M
X
j=1
Æi j ;1
l ylj
Y
j<mM

q 1 y j   q 1 ym
 y j    1 ym

Æim ;1


qy j   q 1 ym
y j   ym

Æim ;2
x j f 
 vi1;:::;i j 1;2;i j+1;:::;iM :
For f = f1 
 f2 2 C p+;M 
 C p ;N , this coincides with
q l1
 
1; =q;M
 
x+0;l
( f1 
 vi1 
    
 viM )



  f2 
 v
Nn+1

if we identify Vp+;M;n+1 
 Vp ;N ;n+1 with a subspace of W .
Proposition 14. There exists a homomorphism $ : BM;N ! End(C p+;M 
 C p ;N )
determined by
$ (01;r )( f 
 g) = er f 
 g; $ (G1;r )( f 
 g) = Dr f 
 g;
$ (0n+1;r )( f 
 g) = f 
 er g; $ (Gn+1;r )( f 
 g) = f 
 Dr g
where f 
 g 2 C p+;M 
 C p ;N .
Proof. Since (U0) preserves W, we can see by Lemma 7 (3) that there exists a
homomorphism e : BM;N = U0=IM;N ! End W (u 7! (u)jW

). Let j be the quotient
map B! BM;N . It is easy to show that the homomorphism e satisfies
(6.1)  e Æ j Æe'i
( u ) = (i Æ 'i )(u)jW

(u 2 U ( =q i )0)
for 1  i  n.
For u = f 
 v
M1 2 Vp+;M;2 and w 2 C p ;N 
 v
Nn+1 ( Vp ;N ;n+1), we find that
e(01;r )(1(u)
 w) = (1 Æ '1)(31;r )(1(u)
 w) (by (5.3) and (6.1))
= qr1(1; =q;M (31;r )u)
 w (by Lemma 8)
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= qr
 
G p+;M er G 1p+;M f 
 v
M1


 w (by Proposition 8 (2)):
This and similar calculations prove that e(0l;r ) and e(Gl;r ) (l = 1; n + 1; r 2 Z) pre-
serve W 0

:= (C p+;M 
 C p ;N ) 

 
v

M
1 
 v

N
n+1
( W

). Therefore e(BM;N )W 0

 W 0

by
Theorem 1 (2).
Let us identify W 0

with C p+;M
C p ;N and define e 0 : BM;N ! End(C p+;M
C p ;N )
by u 7! G 1 Æ e(u)jW 0

Æ G where G = G p+;M 
 G p ;N . Then the above calculations
show that
e
0(01;r )( f 
 g) = qr (er f 
 g); e 0(G1;r )( f 
 g) = Dr f 
 g;
e
0(0n+1;r )( f 
 g) = q nr ( f 
 er g); e 0(Gn+1;r )( f 
 g) = ( 1)(n 1)r ( f 
 Dr g)
for f 
 g 2 C p+;M 
 C p ;N . This proves the claim.
6.3. Proof of the injectivity of fN1;Nn . Now, to complete the proof of Theo-
rem 1, we give the proof of the injectivity of fN1;Nn . Proposition 14 implies that there
exists a homomorphism gN1;Nn : BN1;Nn ! eC p+;N1 
 eC p ;Nn determined by
01;r 7! er 
 1; G1;r 7! Dr 
 1; 0n+1;r 7! 1
 er ; Gn+1;r 7! 1
 Dr :
The injectivity of fN1;Nn follows from gN1;Nn Æ fN1;Nn = id.
7. Proof of Lemma 4
In this section we shall prove Lemma 4. Before doing so, we prepare several equal-
ities in Uq (dsln+1) and Uq
 
ŝln+1(C )
 (n  2) in the first two subsections.
7.1. Some equalities in Uq(dsln+1) (n  2). Set
J [i] =
X
m1;:::;mn ;m
0
i2Z
m j>0 for some j2f1;:::;ngnfig
Uq
 
dsln+1

m 0ii 
P
1 j 6= in m j j
Uq
 
dsln+1

mii +
P
1 j 6= in m j j
for 1  i  n and
J =
X
m1;:::;mn2Z
m j>0 for some j
Uq
 
dsln+1

 
Pn
j=1 m j j
Uq
 
dsln+1

Pn
j=1 m j j
:
First we note the following result, which follows from [23].
Lemma 9. In Uq
 
dsln+1

the following hold for 1  i; j  n.
(1) Ti
 
xj;l

= xj;l if ji   j j > 1.
(2) Ti
 
x+j;l

=

x+i;0; x
+
j;l

q 1 , Ti
 
x j;l

=

x j;l ; x
 
i;0

q if ji   j j = 1.
Using this lemma, we can prove the following lemma.
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Lemma 10. In Uq
 
dsln+1

the following hold for 1  i  n.
(1) (i) x i;1  ( 1)i 1( q) (n 1)C 1ti (ei+1    en)(ei 1    e1)e0 mod J [i],
(ii) x+i; 1  ( 1)i 1( q)n 1 f0( f1    fi 1)( fn    fi+1)t 1i C mod J [i],
(iii) hi;1  ( 1)i 1( q) (n+1)ei (ei+1    en)(ei 1    e1)e0 mod J .
(2) (Tn    T1)(h1;1) =  
[en; : : : ; e1]q 1 ; e0

q 2 .
(3) (i) ( Æ  )(x i;1)  ( q) (n 1)ki x i; 1ki C2 mod J [i],
(ii) ( Æ  )(x+i; 1)  ( q)n 1C 2k 1i x+i;1k 1i mod J [i].
Proof. (1) By Lemma 9 and the definition of the T j , (3.9) with (m; l) = (0; 0)
and (3.25) (for the x i;r ) are rewritten as
Ti
 
x j;1

+ T j
 
x i;1

= 0 if ji   j j = 1;(7.1)
x 1;1 =
 
T 12    T
 1
n
 
t 10 e0

:(7.2)
From these we obtain
x i;1 = ( 1)i 1
 
T 1i+1    T
 1
n
 
T 1i 1    T
 1
1
 
t 10 e0

for 1  i  n. This proves the expression for x i;1. The claim for x+i; 1 can be shown
similarly and the claim for hi;1 follows from the equality
(7.3) hi;1 = Ck 1i

x+i;0; x
 
i;1

:
(2) By (7.2) and (7.3)
h1;1 =  

T 12    T
 1
n e0; e1

q 2 :
Set X = T 13    T 1n e0. Then X = [e0; en;    ; e3]q 1 and T 12    T 1n e0 = [X; e2]q 1 .
Therefore
T1h1;1 =
h
[e1; X ]q 1 ; [e1; e2]q 1

q 1 ; f1
i
t1;
=  

e1; [X; e2]q 1

q 2 :
Applying Tn    T2 to the above, we obtain the claim.
(3) The automorphism  Æ  preserves J [i] and
( Æ  )(e0) = (e0) =

x n;0; : : : ; x
 
2;0; x
 
1; 1

qk1    knC
by (3.23). Noting these, apply  Æ  to the first equality of (1). Then we obtain the
claim for x i;1. The proof for x+i; 1 is similar.
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7.2. Some equalities in Uq
 
ŝln+1(C )
 (n  2). Recall that we fixed n  2 and
set bU = bU(n;  ). We further set  =  2=qn+1. First note the following simple fact,
which follows from the relation (3.9).
Lemma 11. If a(n)i j =  1, the following hold in bU .
(1) i j x+i;l+1x+j;m  q 1x+i;l x+j;m+1 mod
P
r2Z
bUx+i;r .
(2) i j x i;l+1x j;m  qx i;l x j;m+1 mod
P
r2Z x
 
j;rbU .
Using the above lemma and the results in Section 3.3, we can show the following
lemma.
Lemma 12. Set hi;r =  (hi;r ) 2 bU for 0  i  n and r 2 Z n f0g. Define an ideal
bI of bU as we did I for U . Let  denote the equality modulo bI. Then the following
hold in bU .
(1) hi;1  ( 1)i 1( q) (n+1)x+i;0
 
x+i+1;0    x
+
n;0
 
x+i 1;0    x
+
1;0

x+0;0 (1  i  n).
(2) h0;1 =  
h

x+n;1; x
+
n 1;0; : : : ; x
+
1;0

q 1 ; x
+
0; 1
i
q 2
= ( 1)n
h

x+1;1; x
+
2;0; : : : ; x
+
n;0

q 1 ;
x+0; 1
i
q 2
.
(3) Pn 1i=0 q i hi;1   x+n;1x+n 1;0    x+1;0x+0; 1.
(4)  2h0;1 +
Pn
i=2 q i hi;1  ( 1)nq (n+1)x+1;1x+2;0    x+n;0x+0; 1.
Proof. (1) By Proposition 1 (1),  Æ%
v
= %h . Applying this to the third equality
of Lemma 10 (1), we obtain the claim since %h is a homomorphism of Qn graded
algebras.
(2) By Propositions 1, 2 and 3,
h0;1 =  eS 1h1;1;
=  Yn+1( Æ %v)(Tn    T1h1;1);
=  Yn+1(%h(Tn    T1h1;1)):
This and part (2) of Lemma 10 prove the first equality. The second equality follows
from this and (3.9).
(3) Using the first equality of part (2) and Lemma 11, we can show
h0;1   

x+n;1; x
+
n 1;0; : : : ; x
+
l;0

q 1 x
+
l 1;0    x
+
1;0x
+
0; 1
+
l 1
X
i=1
( q)i n 1x+i;0
 
x+i+1;0    x
+
n;0
 
x+i 1;0    x
+
1;0

x+0;0
for 1  l  n by induction on l. The case l = n and part (1) give the claim.
(4) Using the second equality of part (2), the claim can be shown similarly to (3).
918 K. MIKI
The following lemma is proven by direct calculations.
Lemma 13. In bU the following equalities hold:

bl;r ; xi;m

= 0 if i 6= 0; l   1; l;

b1;r ; x0;m

= 
[r ]
r
C (rjr j)=2  q r
 
1   2r

x0;m+r ;

bl;r ; x0;m

= 
[r ]
r
C (rjr j)=2  (q r   qr )x0;m+r for 2  l  n;

bn+1;r ; x0;m

= 
[r ]
r
C (rjr j)=2 
 
q r   q (2n+1)r
Æ

2r x0;m+r ;

bl;r ; xl 1;m

= 
[r ]
r
C (rjr j)=2 
 
q lr    2r q lr

xl 1;m+r for 2  l  n + 1;

bl;r ; xl;m

= 
[r ]
r
C (rjr j)=2 
 

2r q (1 l)r   q (l 1)r

xl;m+r for 1  l  n:
REMARK 1. We can also show the following equality in bU :
[bl;r ; bm;s] = Æl;mÆr+s;0
[r ]
r
Cr   C r
q   q 1
 
qr + q r  
 

2q1 2l
r
 
 

2q1 2l

 r 
:
7.3. Proof of Lemma 4. Now we can give the proof of Lemma 4. Thanks to
part (1) of Proposition 11, it is sufficient to show the claim for r = s = 1. Here we
shall prove [b1;1;bl;1] = 0 for 2  l  n + 1 () as an example.
By Lemmas 12 and 13 the elements hi;1 (2  i  n) and
Pn 1
i=0 q i hi;1 in B = U0=I
have the form X x+1;0x+0;m where X is an element of U which commutes with b1;1 and
m is an integer. Lemmas 11 and 13 imply that

b1;1; x+1;0x+0;m

= ( 2   1) x+1;1x+0;m  
q 1x+1;0x
+
0;m+1

 0 mod I. Therefore
[b1;1;hl;1] = 0 (2  l  n) and [b1;1;h0;1 + qh1;1] = 0
in B. This and (5.1) prove () since bl;1 = ( q)n 1 (bl;1).
8. Proof of Proposition 9
The purpose of this section is to prove Proposition 15 below, from which Propo-
sition 9 follows. We keep the notation of Section 5 and further set bU ( ) = bU(1;  ) for
 2 F.
For 1  i  n define a subalgebra bU[i] of bU and an ideal bI[i] of bU[i] in the same
way that we defined U[i] and I[i] for U in Section 5.1. The automorphisms X j and
9 induce automorphisms of the quotient algebra bU[i]ÆbI[i] as in the case U[i]=I[i],
which we denote by the same letters.
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Proposition 15. (1) For 1  i  n there exists a homomorphism b'i : bU ( =q i ) !
bU[i]ÆbI[i] determined by
x1;l 7! x

i;l ; h1;r 7! hi;r ; k1 7! ki ;
k0 7! (k0    kn)k 1i ; C 7! C;
x+0;l 7! ( 1)i 1(q= )l
 
x+i+1;0    x
+
n;0
 
x+i 1;0    x
+
1;0

x+0;l ;
x 0;l 7! ( 1)i 1(q= )l x 0;l
 
x 1;0    x
 
i 1;0
 
x n;0    x
 
i+1;0

;
h0;r 7! (q= )r
 i 1
X
l=0
q lr hl;r +  2r
n
X
l=i+1
q lr hl;r
!
:
(2) The homomorphism b'i satisfies the following equalities:
(i) 9 Æb'i =b'i Æ8.
(ii) X j Æb'i =
8
>
>
<
>
>
:
b'i Æ X0 Æ 1;( 1) j q1+ j 1;1 if 0  j < i;
b'i Æ X1 Æ 1;1;( 1)i 1 if j = i;
b'i Æ X0 Æ 1;( 1) j q1  j ;1 if i < j  n + 1:
To prove Proposition 15, we need the following lemma, which can be proven by
checking the relations.
For m  2 set bU(m) = bU(m;  ), bV(m) = P
2Q0m
bU(m)

and
bJ (m) =
X
;
0
2Q0m
r>0
bU(m)
 rm
bU(m)

0+rm
where Q0m =
L
1im 1 Zi  Qm . Then bV(m) is a subalgebra of bU(m) and bJ (m) is
an ideal of bV(m).
Lemma 14. For m  3 there exists a homomorphism m : bU(m 1) ! bV(m)
Æ
bJ (m)
determined by
xj;l 7! x

j;l ; h j;r 7! h j;r ; k j 7! k j (1  j  m   1);
x+0;l 7! x
+
m;0x
+
0;l ; x
 
0;l 7! x
 
0;l x
 
m;0;
h0;r 7! h0;r +
 

2Æqm
r hm;r ; k0 7! k0km; C 7! C:
Proof of Proposition 15. (1) First we show that the case i = n follows from the
case i = 1. Set bU 0 = bU(n; qn+1= ) and denote bI[i] defined for bU 0 (instead of bU) by
bI 0[i] for 1  i  n. Set  =  2=qn+1 and let ! be the isomorphism bU ! bU 0 deter-
mined by
xj;l 7! x

n+1  j;l ; h j;r 7! hn+1  j;r ; k j 7! kn+1  j (1  j  n);
x0;l 7! ( 1)n 1 l x0;l ; h0;r 7! r h0;r ; k0 7! k0; C 7! C:
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Since !
 
bU[1] = bU 0[n] and ! bI[1] =bI 0[n], ! induces an isomorphism !˜ : bU[1]ÆbI[1]!
bU 0[n]ÆbI 0[n]. Noting that bU ( ) = bU ( 1) for  2 F, we obtain the desired homo-
morphism b'n from the composite map !˜ Æ b'1 : bU ( =q) ! bU 0[n]
Æ
bI 0[n] by letting
 ! qn+1= .
Next we show the claim by induction on n. The case n = 2 and i = 1 was proven
in [12]. This and the argument in the previous paragraph prove the case n = 2. Now,
supposing that we have shown the case n = m   1 (m  3), we shall prove the case
n = m and 1  i  m   1, from which the case i = m follows as before.
For any integer l  2 and 1  i  l we define bU(l)[i] and bI(l)[i] for bU(l)
as we did bU[i] and bI[i] for bU . In the case n = l, we denote the homomorphism
b'i : bU ( =q i ) ! bU(l)[i]
Æ
bI(l)[i] by b'i;l . Let : bV(m) ! bV(m)
Æ
bJ (m) be the canoni-
cal map. Then for 1  i  m   1, since bJ (m) \ bU(m)[i]  bI(m)[i], we obtain the
following composite map:
bU(m   1)[i] m ! bU(m)[i] ' bU(m)[i]Æ  bJ (m) \ bU(m)[i]! bU(m)[i]ÆbI(m)[i]
where the last map is defined by u + bJ (m) \ bU(m)[i] 7! u +bI(m)[i]. The above map
induces a homomorphism bU(m   1)[i]ÆbI(m   1)[i] ! bU(m)[i]ÆbI(m)[i] and the com-
position of this homomorphism and b'i;m 1 yields b'i;m .
(2) The claims are proven by checking the equalities on the generators xl;0, x1;1,
k1l (l = 0; 1) and C1 of bU ( =q i ). Here we show
(8.1) (9 Æb'i )
 
x+0;0

= (b'i Æ8)
 
x+0;0

and (ii) on x+0;0 as examples.
Let : bU[i] ! bU[i]ÆbI[i] be the quotient map. Noting that 9, %h and %v are
homomorphisms of Qn graded algebras, we find that
the l.h.s. of (8.1) = ( q)n 1( Æ %h)
 
k 1i Cx
 
i;1
 (by Lemma 10 (1))
= ( q)n 1(ki C) 1(%v Æ  Æ  )
 
x i;1
 (by Proposition 1)
= x i; 1ki C (by Lemma 10 (3)):
By part (2) of Proposition 1, 8 x+0;0

= x 1; 1k1C . This enables us to see that the
r.h.s. coincides with the above.
Next we consider (ii). Fixing i 2 f1; 2; : : : ; ng, set
zl =
 
x+i+1;0    x
+
n;0
 
x+i 1;0    x
+
1;0

x+0;l 2
bU[i]ÆbI[i]
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for l 2 Z. Then by Lemma 11
X j (zl ) =
8
>
>
<
>
>
:
( q) j zl 1 if 0  j < i;
zl if j = i;

2( q)  j zl 1 if i < j  n + 1:
Using the above, it is easy to check the equality (ii) on x+0;0.
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